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INTRODUCTION 
Finite difference solution of the wave equation will produce excellent results when the 
numerical procedure employs time increments and spatial discretization resulting in a Cou-
rant number of 1 for all elements. This ideal situation is difficult to achieve with reasonable 
mesh density when the modeling requires: 1) non-uniform grid discretization, 2) different 
materials or 3) more than one spatial dimension. 
The development of a spectral finite element for solution of the wave equation is pres-
ented. Dispersive errors are quantified and compared to dispersive errors in finite differ-
ence models as a function of mesh density. Examples highlight the application of the devel-
oped spectral elements to multi-material systems with non-uniform mesh discretization. 
DERIVATION OF THE FINITE ELEMENT EQUATIONS 
The development of the spectral finite element equations is detailed. For a one dimen-
sional member with constant geometry and material properties the governing equation is a 
hyperbolic partial differential equation. For u(x, t) and a wave velocity of c: 
62u _ 262u 
6t2 - C 6x2 ' 
(1) 
On a finite interval the residual of equation (1) with an approximate solution is not nec-
essarily equal to zero. The residual is multiplied by a weighting function, q, and the inte-
gral of the product is required to be zero. 
f q{62U _c2 62U}dX = 0 (2) 6t2 OX2 
element 
By limiting the weighting function q to only those functions which are zero at the ex-
trema of the element, and integrating by parts: 
f {q 02U + c2 Oq OU}dx = O. (3) Ot2 Ox Ox 
element 
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Following Patera [1], for an element oflength L which lies on the interval [a, b] a local 
coordinate system is established: 
2 ~ = [(x-a)-l. (4) 
N+ 1 collocation points, ~i, are chosen in this local coordinate system: 
j- lti ~i = -cos N where i = 0,1,2,3, ... , N. (5) 
The interpolant of u(~) for an element is written as: 
N 
u(~) = I uihi(~) (6) 
i=O 
where the Ui are the solution values at the collocation points. The hi are Lagrangian inter-
polants which are zero outside the element, within the element satisfy hj(~j) = ()ij and are 
expressed as: 
N 
hi(~) = ~ Ic~c.Ti~j)Ti~) 
j=O J 
(7) 
where Cn = 1 for ° < n < N, Cn = 2 for n = 0, N and Tn are the Chebyshev polynomials de-
fined as Tn(x) = cos(n cos-1(x». 
The element's mass and stiffness matrices are obtained through integration of equation 
(3). A Galerkin form is used in which the weighting function q is the element shape func-
tions hi. Meij and Keij are the ith row and jth column components of the element's mass and 
stiffness matrices. The matrices are symmetric. 
Following Zienkiewicz [2], the temporal finite element formulation assumes a form: 
(Mg + f3ilt2Kg)ut+at + (-2Mg + (1/2-2f3 + a)ilt2Kg)ut (10) 
+ (Mg + (1/2 + f3-a)ilt2Kg)ut-at = ° 
with a and f3 as weighting functions in the temporal integration. Mg and Kg are the sys-
tem's global mass and stiffness matrices and u is a column matrix of the unknown nodal 
displacements. The choice of a and f3 govern the recurrence scheme employed. Forward 
marching solutions are based on solutions at the two previous time steps, t and t-ilt, per-
mitting evaluation at the future time step, Hilt. 
The temporal weighting functions are chosen as f3=0 and a=1I2 which results in the 
central difference approach. This simplification places stability limits on the maximum 
permissible time increment ilt. Equation (10) simplifies to: 
(11) 
The mass matrix, Mg, is populated by terms from equation (8). To avoid the cost 
associated with using an inverted (fully populated) consistent mass matrix to solve for u in 
equation (11), a method henceforth called row summing is employed. In row summing all 
masses on a given row in the mass matrix are added to that row's diagonal term. All non-
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diagonal terms are then set to zero. The system's mass is conserved. All further applica-
tions presented will be for a row summed mass matrix in equation (ll). 
ACCURACY - DISPERSION IN THE SPECTRAL METHOD 
Piece-wise continuous modeling of a continuous isotropic medium will generate nu-
merically dispersive and anisotropic solutions [3]. To numerically evaluate the dispersive 
errors, a displacement field is imposed on the mesh with the form: 
u = Avexp(ioot) where Ai = A(xi} and vi = cos(yxi} (12) 
where A(x) is the amplitude of the imposed displacement field, W is the radial frequency, 
vex, y} is a spatially varying function and y is the wavenumber. 
In a dispersive medium, waves of different frequencies will travel at different velocities 
[4]. The phase velocity, cpo, is equivalent to oo/y where w(y} and is not necessarily equal to 
the true velocity co. Similarly, the group velocity, car' is defined as dro/dy and is not neces-
sarily equal to co. The numerical solution for oo( y} IS obtained by finding the roots of the 
system of equations: 
{Mg exp(iwLlt} + (-2Mg + ~t2Kg) + MgeXp(-ilOLlt)}AveXp(iwt) = O. (13) 
For an isotropic infinite medium, the amplitude of the wave field, A, becomes a 
constant Ao. Noting that the imaginary components of exp(ioo~t) and exp(-iw~t) cancel, 
the resulting system of equations takes the form: 
Ao{2MgcOS(00~t) + (-2Mg + ~t2Kg)}vexp(iwt) = O. (14) 
Equation (14) may be treated as an eigenvalue problem with Ao and exp(iwt} consid-
ered nonzero for the non-trivial solution. The cos(w~t) terms are the eigenvalues and the v 
are the corresponding eigenvectors. 
[ML!~t2Kg]V = cos(oo~t)[Mg]v (15) 
For each w found in equation (15), the corresponding wavenumber, y, is found itera-
tively. A least squares error procedure calculates the appropriate value y from the eigen-
vector v. The resulting fit is considered acceptable for an average error per data point of 
less than 0.1 %. 
Phase and group velocity errors can be quantified by examining dispersion curves. Val-
ues of w and y are used to obtain Cpo and c8'" vs Co as shown in figure 1. The spectral ele-
ment considered is of 6th order. The dispanty in accuracy between the linear finite differ-
ence and any of the spectral elements would have resulted in all spectral element curves 
clustered on top of one another. 6th order was chosen as representative of the spectral meth-
od's accuracy. In figure 1, "t is the ratio of time step taken to the maximum permissible 
(stable) time step and G is the average number of nodes per wavelength. For the linear fi-
nite difference data, "t is equivalent to the Courant number. The results for linear [mite dif-
ference match those published by Marfurt [3]. For the row summed mass matrix case the 
following general conclusions are drawn: 
1) increase in mesh density decreases dispersion. 
2) group velocity dispersion is more significant than phase velocity dispersion. 
3) as expected for "t=I, linear [mite difference offers no dispersion. 
4) for other values of"t, the spectral method produces significantly less dispersion. 
The effect of spectral element order on dispersion is detailed in figure 2 for the row 
summed mass matrix. The 'bumpy' nature of the row summed curves is a manifestation of 
the numerical solution for wavelength and the minute dispersion this method offers. These 
results were generated at a"t of 1. Significant conclusions drawn from figure 2 include: 
1) group velocity dispersion is greater then phase velocity dispersion. 
2) increase in element order results in a decrease in dispersion. 
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Figure 1 - Dispersion in row summed mass matrix solutions to the one dimensional wave 
equation for linear fmite elements and 6th order spectral elements. For the one dimensional 
case, row summed linear finite elements are equivalent to linear finite difference elements. 
The average number of nodes per wavelength is taken as G. 't is the ratio of time step used 
to the maximum stable time step. 
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Figure 2 - Comparison of group and phase velocity errors for row summed mass matrix 
spectral elements as a function of element order. 
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Figure 3 - Rod subject to single sinusoidal impulse. 
EXAMPLES 
A simple rod model was used to evaluate the practical application of the spectral meth-
od to the ID wave equation. For all examples the mass matrices are row summed and the 
prior choice of 13=0 and 0=1/2 in the temporal discretization is enforced. The system is 
shown in figure 3. A single sinusoidal pulse is applied to the end of an aluminum rod 
which is fixed at the far end. Figure 4 a) presents the solution at 13 Ilsec as modeled with 
11 th order spectral elements with a mesh density of 20 nodes per wavelength. 
For comparison, linear finite difference modeling of the same event results in the re-
sponse shown in figure 4 b). The finite difference model uses the same time step, ~t, as the 
above described spectral run which corresponds to 't=.18 for the finite difference proce-
dure. Results in this case are poor and demonstrate the errors induced by the finite differ-
ence approach with a Courant number of significantly less than 1. The dispersive nature of 
finite difference solutions to the wave equation at Courant numbers less then 1 is well doc-
umented [3, 5, 6, 7, 8, 9]. 
The fidelity of spectral element method solutions of acoustic wave problems with in-
clusions is studied by examining the responses of the system pictured in figure 5. Fourteen 
21 st order spectral elements evenly discretize materiall. Material 2, the inclusion, is mod-
eled as a single element with a mesh density of slightly >18 nodes per wavelength. The stu-
died inclusion thicknesses are .1 in, .01 in and .001 in. 
Figures 6 depicts system response at 131lsec for the studied inclusion thicknesses. Ob-
servations include: 
1) the effect of inclusion thickness and wave velocity are evident in comparing fig-
ures 6 a), b) and c). In 6 b) the inclusion is thin enough that the reflection off the far 
side of the inclusion reflects back to positively amplify the trough of the initial re-
flection. In 6 a) the inclusion thickness and wave speed are such that this positive 
interference does not occur; two distinct reflected waves are evident. 
2) the magnitude and shape of the reflected waves are markedly different between 
figure 6 b) and c). Intuitively, the .001 in inclusion is so thin that its axial stiffness, 
AEIL, could cause it to respond more like a rigid link between the two more flex-
ible materials 1. 
The exercise detailed in figure 6 indicates that reflected waves which could be used to 
characterize an inclusion may be accurately modeled with the spectral element method de-
veloped. Reflected wave amplitude and shape indicate inclusion's thickness and wave-
speed. A pressure transducer would monitor stresses and, hence, the nature of reflected 
waves. Typical stresses measured at the input surface for the three inclusions studied are 
presented in figure 7. Comparison of the wave motion snapshots of figure 6 with the 
stresses of figure 7 gives a physical intuition to the recorded stress histories. 
The fmial lD model study involves a gap replacing the inclusion (figure 8). The gap is 
modeled as a 2nd order element with a bi-linear Young's modulus. In compression the gap 
possesses the stiffness of the adjacent material. In tension, the extensional stiffness of the 
gap is taken as 1/10 that of the adjacent material. Numerical restrictions prohibited the total 
degradation of the gap's tensile modulus. Materials 1 were modeled with 21 st order ele-
ments and evenly discretized at slightly >20 nodes/wavelength. The solution technique in-
volved the use of 2 stiffness matrices, one for a closed gap and one for an open gap. When 
the gap switched from open to closed, or closed to open, the temporal iteration was run to a 
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point as close to an unloaded gap stress state as possible. Stiffness matrices were then 
switched. This procedure minimized errors induced by predicting displacements in a gap 
(open/closed) state with the improper (closed/open) stiffness matrix. Figure 9 depicts the 
displacement waves at three instances. In 9 b) the splitting of the initial incident wave due 
to gap opening is evident. Figure 10 presents the stress history as measured close to the 
surface and gap opening displacements. 
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Fi~re 4 - Wave prior to incidence with end; arrow indicates direction of travel. a) spectral 
11 order elements at 20 nodes per wavelength, b) finite difference solution run at same 
time step (Courant number of .1854) and 20 nodes per wavelength . 
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Figure 5 - Rod with central inclusion. 
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Figure 6 - Wave motion in the rod with inclusion at 13 J-lsec. Inclusion thicknesses of: a) .1 
in, b) .01 in and c) .001. Initial wave incidence on inclusion at -7.5 J-lsec. 
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Figure 7 - Stresses measured by sensor at the input surface of rod with inclusion. Inclusion 
thicknesses are: a) .1 in, b) .01 in, and c) .001 in. 
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Figure 8 - Rod with gap modeled as bi-linear material subject to single sinusoidal impulse. 
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Figure 9 - Wave motion in rod with gap a) prior to incidence with gap, b) just after inci-
dence with gap and c) after second incidence with gap. 
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Figure 10 - a) stresses measured just below the surface of the input end of the gap model 
and b) gap displacement (+ opening). 
CONCLUSIONS 
Row summed spectral finite elements with a central difference time discretization can 
be used to solve the 10 wave equation. This alleviates the cost of a solution with an in-
verted (fully populated) mass matrix. 
Dispersive errors in spectral finite element solutions to the 10 wave equation employ-
ing a central difference time scheme and row summing have been shown to be significantly 
less than those for finite difference solutions at Courant numbers <1. Additionally, an in-
crease in spectral element order has shown to markedly decrease dispersive errors. 
The ability of these spectral finite elements to predict the surface signatures (Le. 
stresses) of internal defects has been demonstrated. 
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